


The astrophysics of black hole mergers

1. Pairing massive BHs in galactic nuclei 
          from large to small scales, role of gas
      
2. Electromagnetic signatures of massive BH binaries   
          in EM observations or in GW detections
      
3. [ Where do massive BHs come from anyway?  ] 
          protogalaxy formation after the cosmic dark age

4.   [  Stellar-mass BH binaries ]
          in AGN accretion disks with EM signatures
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• Astronomy and astrophysics 
     — Accretion physics: EM emission w/known BH parameters  +  distorted GWs
     — Environments of massive BH mergers: quasar/galaxy co-evolution
     — Assembly of the first BHs in the ‘dark age’: mergers (GW) vs. accretion (EM)
     — Are there intermediate-mass BHs?  Where/how do they  form?
     — Formation mechanism and fate of stellar-mass binaries
   — Physics of  mass transfer in double white-dwarfs
     — Mapping the structure of the Milky Way through DWDs

• Fundamental physics and cosmology
     — Dark Energy: Hubble diagrams from standard sirens (& current H0 tension) 
     — Non-GR gravity: compare dL(z) from GWs vs photons
                                      delay between arrival time of photons and gravitons
                                      (propagation effects, extra dimensions, graviton mass)               
     — Lorentz violations:  frequency-dependence in delay hf = 𝛾mc2
     — Inflation: Non-minimal inflation through GW background slope (cf. CMB)
     — Dark matter: intermediate-mass ratio mergers (DM spikes)
     — NS equation of state: mergers involving NSs

• EM counterparts can also help with confidence of GW detection
     — known EM source position helps break GW parameter degeneracies 

Science from Multi-Messenger Astrophysics



SMBH binaries with gas disks 
should be common

1. Most galaxies contain SMBHs
     - SMBH mass 106-1010 M☉ correlates with host galaxy (~0.1%)



The Milky Way(*)

Typical disk galaxy
~10 billion stars
size:  60,000 light yr

(*)Actually, our
   neighbor Andromeda
   only ~2.5 million
   light years away

credit: GALEX survey



An Image of the Galactic Center

Credit: Andrea Ghez
UCLA

BH!
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0.05” = a person (1.8m)
in New York, viewed from 
São Paulo

MBH ≈ (4 ± 0.5)×106 M�

MBH= const ⨉ rv2/G
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What about other galaxies?

Credit: Galaxy Zoo / Sloan Digital Sky Survey

•  Measure Doppler shift of combined light of many stars or gas
•  Black holes are present in every galaxy where we can   
   detect them.    From MBH= const ⨉ rv2/G:  MBH   ≈ 106 M�

 -109 M�

•  About 100 examples known in nearby universe

BH!BH!
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maximum likelihood (RML; e.g., Narayan & Nityananda 1986;
Wiaux et al. 2009; Thiébaut 2013). RML is a forward-modeling
approach that searches for an image that is not only consistent with
the observed data but also favors specified image properties (e.g.,
smoothness or compactness). As with CLEAN, RML methods
typically iterate between imaging and self-calibration, although
they can also be used to image directly on robust closure quantities
immune to station-based calibration errors. RMLmethods have been
extensively developed for the EHT (e.g., Honma et al. 2014;
Bouman et al. 2016; Akiyama et al. 2017; Chael et al. 2018b; see
also Paper IV).

Every imaging algorithm has a variety of free parameters
that can significantly affect the final image. We adopted a two-
stage imaging approach to control and evaluate biases in the
reconstructions from our choices of these parameters. In
the first stage, four teams worked independently to reconstruct
the first EHT images of M87* using an early engineering data
release. The teams worked without interaction to minimize
shared bias, yet each produced an image with a similar
prominent feature: a ring of diameter ∼38–44 μas with
enhanced brightness to the south (see Figure 4 in Paper IV).

In the second imaging stage, we developed three imaging
pipelines, each using a different software package and
associated methodology. Each pipeline surveyed a range of
imaging parameters, producing between ∼103 and 104 images
from different parameter combinations. We determined a “Top-
Set” of parameter combinations that both produced images of
M87* that were consistent with the observed data and that
reconstructed accurate images from synthetic data sets
corresponding to four known geometric models (ring, crescent,
filled disk, and asymmetric double source). For all pipelines,
the Top-Set images showed an asymmetric ring with a diameter
of ∼40 μas, with differences arising primarily in the effective
angular resolutions achieved by different methods.

For each pipeline, we determined the single combination of
fiducial imaging parameters out of the Top-Set that performed
best across all the synthetic data sets and for each associated
imaging methodology (see Figure 11 in Paper IV). Because the
angular resolutions of the reconstructed images vary among the
pipelines, we blurred each image with a circular Gaussian to a
common, conservative angular resolution of 20 μas. The top part
of Figure 3 shows an image of M87* on April11 obtained by
averaging the three pipelines’ blurred fiducial images. The image
is dominated by a ring with an asymmetric azimuthal profile that
is oriented at a position angle ∼170° east of north. Although the
measured position angle increases by ∼20° between the first two
days and the last two days, the image features are broadly
consistent across the different imaging methods and across all
four observing days. This is shown in the bottom part of Figure 3,
which reports the images on different days (see also Figure 15 in
Paper IV). These results are also consistent with those obtained
from visibility-domain fitting of geometric and general-relativistic
magnetohydrodynamics (GRMHD) models (Paper VI).

6. Theoretical Modeling

The appearance of M87* has been modeled successfully using
GRMHD simulations, which describe a turbulent, hot, magnetized
disk orbiting a Kerr black hole. They naturally produce a powerful
jet and can explain the broadband spectral energy distribution
observed in LLAGNs. At a wavelength of 1.3 mm, and as
observed here, the simulations also predict a shadow and an
asymmetric emission ring. The latter does not necessarily coincide

with the innermost stable circular orbit, or ISCO, and is instead
related to the lensed photon ring. To explore this scenario in great
detail, we have built a library of synthetic images (Image Library)
describing magnetized accretion flows onto black holes in GR145

(Paper V). The images themselves are produced from a library
of simulations (Simulation Library) collecting the results of
four codes solving the equations of GRMHD (Gammie et al.
2003; Saḑowski et al. 2014; Porth et al. 2017; Liska et al.
2018). The elements of the Simulation Library have been
coupled to three different general-relativistic ray-tracing and
radiative-transfer codes (GRRT, Bronzwaer et al. 2018;
Mościbrodzka & Gammie 2018; Z. Younsi et al. 2019, in
preparation). We limit ourselves to providing here a brief
description of the initial setups and the physical scenarios
explored in the simulations; see Paper V for details on both the
GRMHD and GRRT codes, which have been cross-validated

Figure 3. Top: EHT image of M87* from observations on 2017 April 11 as a
representative example of the images collected in the 2017 campaign. The
image is the average of three different imaging methods after convolving each
with a circular Gaussian kernel to give matched resolutions. The largest of the
three kernels (20 μas FWHM) is shown in the lower right. The image is shown
in units of brightness temperature, T S k2b

2
Bl= W, where S is the flux density,

λ is the observing wavelength, kB is the Boltzmann constant, and Ω is the solid
angle of the resolution element. Bottom: similar images taken over different
days showing the stability of the basic image structure and the equivalence
among different days. North is up and east is to the left.

145 More exotic spacetimes, such as dilaton black holes, boson stars, and
gravastars, have also been considered (Paper V).
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Massive BHs in Centers of Most Galaxies
• Mass of nuclear BH measured in few dozen nearby galaxies
• BH mass correlates with mass of galaxy

Kormendy & Ho (ARA&A 2013)



Massive BHs in Early Galaxies

Quasars with MBH =108-10 M☉ seen out to z=7.54  (t=700 Myr)

Matsuoka et al.(2023; arXiv:2305.11225)
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Galaxies form via gravitational instability: 
hierarchical structure formation

Millennium simulation – Volker Springel, MPA



Galaxies Collide and Merge

Arp 271 (credit: ESO)
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Misaligned bars
gas stars gas stars

Torques on the gas:

- Until 1st passage:   
    direct gravity of the
    other galaxy: gas
    spin transferred to 
    orbit

- After 1st passage: 
phase difference 
between gaseous and 
stellar bars, gas spin 
transferred to stellar 
disk
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Dynamical friction

(Frank van den Bosch, Yale Univ)

Chandrasekhar formula:
(1943)
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Active BH pairs in galactic nuclei

* Chandra X-ray image
   of NGC 6240 (Komossa et al. 2003)
* Many ~10kpc “dual” or “offset” AGN  
   in optical (Comerford et al. 2013)
* 7.3pc double AGN in radio galaxy 0402+379 by VLBA  (Rodriguez et al. 2006)

~1kpc
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cf. sphere of 
influence:  
r = GM/σ2

  = 10pc M8σ200
-2



But… do BHs actually merge?

+

unclear w/out gas/stars – binary may stall
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But… do BHs actually merge?

+

Gravitational inspiral takes a Hubble time (1010 yr)  
starting from a separation of ~10-3pc (M=106 M☉) or ~1 pc (M=1010 M☉) 

=

gravitational waves

unclear w/out gas/stars – binary may stall



The final parsec “problem”
Begelman, Blandford, Rees (1980)

Illustrative example:

M1=108 M☉

M2=3⨉107 M☉

N*=2⨉109

m*=1 M☉

σ*=300 km/s
rc=100 pc

  à “Final parsec problem”
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Begelman, Blandford, Rees (1980)

Illustrative example:

M1=108 M☉

M2=3⨉107 M☉

N*=2⨉109

m*=1 M☉

σ*=300 km/s
rc=100 pc

  à “Final parsec problem”

    1. Efficiently scatter stars
             into loss cone (à asymmetry)
         2. Lose angular momentum 
             to circumbinary gas
 

?

The final parsec “problem”



Impact of stars
Yu (2002)

Timescales based on measured
stellar profiles in (cored vs cusped)
ellipticals  and  Mbh-σhost relation.

  -- mass ratio
  -- anisotropic stellar orbits

Lot of work in last few years (N-body) 



Orbital evolution in clumpy disks
SPH simulations Fiacconi et al. (2013)



Impact of gas: nuclear accretion disk

Gravitationally
unstable region
 Q(Toomre) < 1
Orbital decay of BHs
by scattering on clumps

inner disk:  stable,
geometrically thin,
optically thick, 
Mdisk≪Mbh

Gas cools and forms a compact (~ pc) nuclear accretion disk

à  What if second black hole is present ?  ß
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Hydrodynamics of Binary + Disk system
1. EM signatures: - Is there gas near (~10-100 Rs) of the BHs?
                               - What is the mode of the accretion?
                affects observability through total
                luminosity, spectral shape, variability
              

3. Gravitational waves: - can we see concurrent EM emission?
                                        - can waveforms be modified by gas?

2. Orbital decay:  - Do disk torques help or hinder merger ? 
                              - Can BHs merge in a Hubble time? 
                affects observability through
                distribution of separations, periods



Modeling orbital evolution: techniques

                                0,    1,     2,   or   3D  



0D
       - Use azimuthally averaged tidal torques (with local dissipation)
        - Assume steady state or self-similarity.      
        - Useful to predict basic features and parameter-scalings 
                                           - examples -
      - Milosavljevic & Phinney (2005) 
              central cavity, post-merger evolution
      - Ivanov et al. (1999), Rafikov (2012)
              self-similar solutions with “pile-up” 
      - Kocsis, Yunes et al. (2012), Barausse et al. (2013)
              impact of gas on GW signal
     - Liu & Shapiro (2010),  Kocsis et al. (2012), Rafikov (2016, 2018)
               migration with gaps at large radii

Modeling orbital evolution: techniques



Equations for standard accretion disk
Pile up and overflow in circumbinary disks 3

disk by vr, which is negative if gas accretes toward r = 0.
The continuity and angular momentum equations for the
disk are2

0 = 2πr ∂tΣ + ∂r(2πrΣvr) , (1)

∂rT = 2πr ∂t(Σr2Ω) + ∂r(2πrvrΣr2Ω ) , (2)

where the total torque T = −Tν +Td is due to viscosity and
the gravity of the secondary, given by

Tν = −2πr3(∂rΩ) νΣ " 3π r2Ω νΣ , (3)

∂rTd = 2πrΛΣ . (4)

Here Λ is the torque per unit mass in the disk, approximately
given by

Λ ≈



− 1
2fq2r2Ω2r4/∆4 if r < rs ,

+ 1
2fq2r2Ω2r4

s /∆
4 if r > rs ,

(5)

where

∆ ≡ max(|r − rs|, H) (6)

q ≡ ms/M•, H % r is the scale-height of the disk, and
f is a constant calibrated with simulations. This approxi-
mate formula for Λ, introduced by Armitage & Natarajan
(2002), accounts for the net contribution of all Lind-
blad resonances as well as the torque cutoff within rs ±
H (Goldreich & Tremaine 1980; Ward 1997), and guar-
antees that the torque vanishes at r & rs. Here f =
(32/81π)[2K0(2/3) + K1(2/3)]2 = 0.80 outside the torque
cutoff in Goldreich & Tremaine (1980), f = 0.23× (3/2π) =
0.11 in Lin & Papaloizou (1986), and f = 10−2 calibrated to
match the gap opening conditions in Armitage & Natarajan
(2002).3 We adopt a conservative value f−2 ≡ f/10−2 ∼ 1
in our numerical calculations, but keep the f−2 terms gen-
eral in all of our analytical formulas. Note that practi-
cally Eq. (6) assumes that the tidal torque density “sat-
urates” instead of having a true cutoff near the sec-
ondary as long as the gas density is non-vanishing there
(Artymowicz 1993b), which accounts for the effects of shocks
near the secondary (Goodman & Rafikov 2001; Dong et al.
2011; Duffell & MacFadyen 2012).4 5 However, this prescrip-
tion might be inaccurate for a high mass secondary form-
ing a gap in the disk, where the tidal torques are due to
spiral streams passing near the secondary on horse-shoe
orbits (Shi et al. 2012; Roedig et al. 2012; Baruteau et al.
2012). We do not consider the torques inside the Hill ra-
dius, |r − rs| < rH ≡ (q/3)1/3rs, assuming that gas reaching
this region flows in across the secondary’s orbit. Outside

2 In our notation, ∂rΣ ≡ ∂Σ/∂r and ∂tΣ ≡ ∂Σ/∂t ≡ Σ̇.
3 Liu & Shapiro (2010) used Eq. (5) with f = 10−2. Chang et al.
(2010) adopted a torque model, extrapolating Eq. (18) of
Goldreich & Tremaine (1980) (with a modified constant prefac-
tor of f = 0.1 × (4/9π) ∼ 10−2), such that their torque density
approaches a constant at r $ rs and infinity near r ≈ rs.
4 Recent simulations (Dong et al. 2011; Rafikov & Petrovich
2012; Duffell & MacFadyen 2012) have shown that the original
Goldreich & Tremaine (1980) torque density is correct close to
the secondary, but the actual torque decreases in amplitude and
changes sign outside of rs+3H. However the relative contribution
of these outer regions to the total torque is negligible.
5 We do not account for relativistic corrections to the tidal torque
which are expected to be small at the separations in the gas-driven
regime rs > 100M• (Hirata 2011a,b).

this region, we use Eq. (4), assume that gravity is domi-
nated by M•, and the orbital velocity is nearly Keplerian,
Ω " M•r̄

−3/2, where r̄ = r/M•.
After some algebra (Frank et al. 2002), Eqs. (1–2) sim-

plify to

Σ̇ = −
1

2πr
∂r

»

∂rT
∂r(r2Ω)

–

, vr =
∂rT

2πr Σ ∂r(r2Ω)
. (7)

The total mass flux across a ring of radius r is defined as

Ṁ(r, t) ≡ −2πrΣvr = −
∂rT

∂r(r2Ω)
. (8)

Eq. (7) along with the definition of the total torque T in
Eqs. (3–5) describes the evolution of the axisymmetric disk
surface density and radial velocity as a function of radius
and time.

The evolution of the secondary’s orbital radius, rs, is
driven by the tidal torques of the gas and gravitational wave
(GW) losses. The angular momentum of the secondary is
Ls = msr

2
sΩs so that

L̇s =
1
2
msrsΩsvsr = −

Z ∞

0

∂rTd dr − TGW , (9)

where −Td is the recoil due to the torque exerted on the
disk, Eq. (4), and with r̄s ≡ rs/M•, the torque from the
GWs is given by

TGW =
32
5

m2
s

M•

r̄−7/2
s . (10)

Given ν(r, t) and H(r, t), Eqs. (7) and (9) provide three
equations for the three unknowns: Σ(r, t), vr(r, t), and vsr(t).

We examine steady-state solutions to these equations
where Σ̇ = 0 and dṀ/dr = 0 so that Ṁ(r, t) ≡ Ṁ is a con-
stant.6 Note that in general the disk need not be in steady-
state. However, in many cases the inflow rate of gas may be
much faster than the radial migration speed of the secondary
|vsr| & |vr|. Then, the secondary is effectively stationary in
the azimuthally averaged picture, and the radial profile of
the disk might be expected to relax to a steady-state, in-
dependent of the initial condition of the disk. We propose
that the secondary then migrates slowly through a sequence
of quasi-steady-state configurations of the disk with a fixed
Ṁ(r, t) = const. Then, Eq. (8) becomes

∂rTν − ∂rTd = Ṁ∂r(r
2Ω) . (11)

This is a first-order ordinary differential equation for Tν(r),
once ∂rTd(r) is specified for a specific disk model.

2.2 Boundary conditions

We distinguish two types of inner boundary conditions cor-
responding to whether or not a gap is opened.

I. If Σ(r) )= 0 all the way to the innermost stable circular
orbit rISCO of M• (i.e. the disk does not have a cavity), we re-
quire a zero-torque boundary condition (Novikov & Thorne
1973; Penna et al. 2010; Zhu et al. 2012),

Tν(rISCO) = 0 . (12)

6 As stated above, we neglect the accretion onto the secondary
for simplicity (however, see Lubow et al. 1999).
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disk by vr, which is negative if gas accretes toward r = 0.
The continuity and angular momentum equations for the
disk are2

0 = 2πr ∂tΣ + ∂r(2πrΣvr) , (1)

∂rT = 2πr ∂t(Σr2Ω) + ∂r(2πrvrΣr2Ω ) , (2)

where the total torque T = −Tν +Td is due to viscosity and
the gravity of the secondary, given by

Tν = −2πr3(∂rΩ) νΣ " 3π r2Ω νΣ , (3)

∂rTd = 2πrΛΣ . (4)

Here Λ is the torque per unit mass in the disk, approximately
given by

Λ ≈



− 1
2fq2r2Ω2r4/∆4 if r < rs ,

+ 1
2fq2r2Ω2r4

s /∆
4 if r > rs ,

(5)

where

∆ ≡ max(|r − rs|, H) (6)

q ≡ ms/M•, H % r is the scale-height of the disk, and
f is a constant calibrated with simulations. This approxi-
mate formula for Λ, introduced by Armitage & Natarajan
(2002), accounts for the net contribution of all Lind-
blad resonances as well as the torque cutoff within rs ±
H (Goldreich & Tremaine 1980; Ward 1997), and guar-
antees that the torque vanishes at r & rs. Here f =
(32/81π)[2K0(2/3) + K1(2/3)]2 = 0.80 outside the torque
cutoff in Goldreich & Tremaine (1980), f = 0.23× (3/2π) =
0.11 in Lin & Papaloizou (1986), and f = 10−2 calibrated to
match the gap opening conditions in Armitage & Natarajan
(2002).3 We adopt a conservative value f−2 ≡ f/10−2 ∼ 1
in our numerical calculations, but keep the f−2 terms gen-
eral in all of our analytical formulas. Note that practi-
cally Eq. (6) assumes that the tidal torque density “sat-
urates” instead of having a true cutoff near the sec-
ondary as long as the gas density is non-vanishing there
(Artymowicz 1993b), which accounts for the effects of shocks
near the secondary (Goodman & Rafikov 2001; Dong et al.
2011; Duffell & MacFadyen 2012).4 5 However, this prescrip-
tion might be inaccurate for a high mass secondary form-
ing a gap in the disk, where the tidal torques are due to
spiral streams passing near the secondary on horse-shoe
orbits (Shi et al. 2012; Roedig et al. 2012; Baruteau et al.
2012). We do not consider the torques inside the Hill ra-
dius, |r − rs| < rH ≡ (q/3)1/3rs, assuming that gas reaching
this region flows in across the secondary’s orbit. Outside

2 In our notation, ∂rΣ ≡ ∂Σ/∂r and ∂tΣ ≡ ∂Σ/∂t ≡ Σ̇.
3 Liu & Shapiro (2010) used Eq. (5) with f = 10−2. Chang et al.
(2010) adopted a torque model, extrapolating Eq. (18) of
Goldreich & Tremaine (1980) (with a modified constant prefac-
tor of f = 0.1 × (4/9π) ∼ 10−2), such that their torque density
approaches a constant at r $ rs and infinity near r ≈ rs.
4 Recent simulations (Dong et al. 2011; Rafikov & Petrovich
2012; Duffell & MacFadyen 2012) have shown that the original
Goldreich & Tremaine (1980) torque density is correct close to
the secondary, but the actual torque decreases in amplitude and
changes sign outside of rs+3H. However the relative contribution
of these outer regions to the total torque is negligible.
5 We do not account for relativistic corrections to the tidal torque
which are expected to be small at the separations in the gas-driven
regime rs > 100M• (Hirata 2011a,b).

this region, we use Eq. (4), assume that gravity is domi-
nated by M•, and the orbital velocity is nearly Keplerian,
Ω " M•r̄

−3/2, where r̄ = r/M•.
After some algebra (Frank et al. 2002), Eqs. (1–2) sim-
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Eq. (7) along with the definition of the total torque T in
Eqs. (3–5) describes the evolution of the axisymmetric disk
surface density and radial velocity as a function of radius
and time.

The evolution of the secondary’s orbital radius, rs, is
driven by the tidal torques of the gas and gravitational wave
(GW) losses. The angular momentum of the secondary is
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GWs is given by
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Given ν(r, t) and H(r, t), Eqs. (7) and (9) provide three
equations for the three unknowns: Σ(r, t), vr(r, t), and vsr(t).

We examine steady-state solutions to these equations
where Σ̇ = 0 and dṀ/dr = 0 so that Ṁ(r, t) ≡ Ṁ is a con-
stant.6 Note that in general the disk need not be in steady-
state. However, in many cases the inflow rate of gas may be
much faster than the radial migration speed of the secondary
|vsr| & |vr|. Then, the secondary is effectively stationary in
the azimuthally averaged picture, and the radial profile of
the disk might be expected to relax to a steady-state, in-
dependent of the initial condition of the disk. We propose
that the secondary then migrates slowly through a sequence
of quasi-steady-state configurations of the disk with a fixed
Ṁ(r, t) = const. Then, Eq. (8) becomes

∂rTν − ∂rTd = Ṁ∂r(r
2Ω) . (11)

This is a first-order ordinary differential equation for Tν(r),
once ∂rTd(r) is specified for a specific disk model.

2.2 Boundary conditions

We distinguish two types of inner boundary conditions cor-
responding to whether or not a gap is opened.

I. If Σ(r) )= 0 all the way to the innermost stable circular
orbit rISCO of M• (i.e. the disk does not have a cavity), we re-
quire a zero-torque boundary condition (Novikov & Thorne
1973; Penna et al. 2010; Zhu et al. 2012),

Tν(rISCO) = 0 . (12)

6 As stated above, we neglect the accretion onto the secondary
for simplicity (however, see Lubow et al. 1999).
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q ≡ ms/M•, H % r is the scale-height of the disk, and
f is a constant calibrated with simulations. This approxi-
mate formula for Λ, introduced by Armitage & Natarajan
(2002), accounts for the net contribution of all Lind-
blad resonances as well as the torque cutoff within rs ±
H (Goldreich & Tremaine 1980; Ward 1997), and guar-
antees that the torque vanishes at r & rs. Here f =
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match the gap opening conditions in Armitage & Natarajan
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in our numerical calculations, but keep the f−2 terms gen-
eral in all of our analytical formulas. Note that practi-
cally Eq. (6) assumes that the tidal torque density “sat-
urates” instead of having a true cutoff near the sec-
ondary as long as the gas density is non-vanishing there
(Artymowicz 1993b), which accounts for the effects of shocks
near the secondary (Goodman & Rafikov 2001; Dong et al.
2011; Duffell & MacFadyen 2012).4 5 However, this prescrip-
tion might be inaccurate for a high mass secondary form-
ing a gap in the disk, where the tidal torques are due to
spiral streams passing near the secondary on horse-shoe
orbits (Shi et al. 2012; Roedig et al. 2012; Baruteau et al.
2012). We do not consider the torques inside the Hill ra-
dius, |r − rs| < rH ≡ (q/3)1/3rs, assuming that gas reaching
this region flows in across the secondary’s orbit. Outside

2 In our notation, ∂rΣ ≡ ∂Σ/∂r and ∂tΣ ≡ ∂Σ/∂t ≡ Σ̇.
3 Liu & Shapiro (2010) used Eq. (5) with f = 10−2. Chang et al.
(2010) adopted a torque model, extrapolating Eq. (18) of
Goldreich & Tremaine (1980) (with a modified constant prefac-
tor of f = 0.1 × (4/9π) ∼ 10−2), such that their torque density
approaches a constant at r $ rs and infinity near r ≈ rs.
4 Recent simulations (Dong et al. 2011; Rafikov & Petrovich
2012; Duffell & MacFadyen 2012) have shown that the original
Goldreich & Tremaine (1980) torque density is correct close to
the secondary, but the actual torque decreases in amplitude and
changes sign outside of rs+3H. However the relative contribution
of these outer regions to the total torque is negligible.
5 We do not account for relativistic corrections to the tidal torque
which are expected to be small at the separations in the gas-driven
regime rs > 100M• (Hirata 2011a,b).

this region, we use Eq. (4), assume that gravity is domi-
nated by M•, and the orbital velocity is nearly Keplerian,
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Eq. (7) along with the definition of the total torque T in
Eqs. (3–5) describes the evolution of the axisymmetric disk
surface density and radial velocity as a function of radius
and time.

The evolution of the secondary’s orbital radius, rs, is
driven by the tidal torques of the gas and gravitational wave
(GW) losses. The angular momentum of the secondary is
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GWs is given by
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Given ν(r, t) and H(r, t), Eqs. (7) and (9) provide three
equations for the three unknowns: Σ(r, t), vr(r, t), and vsr(t).

We examine steady-state solutions to these equations
where Σ̇ = 0 and dṀ/dr = 0 so that Ṁ(r, t) ≡ Ṁ is a con-
stant.6 Note that in general the disk need not be in steady-
state. However, in many cases the inflow rate of gas may be
much faster than the radial migration speed of the secondary
|vsr| & |vr|. Then, the secondary is effectively stationary in
the azimuthally averaged picture, and the radial profile of
the disk might be expected to relax to a steady-state, in-
dependent of the initial condition of the disk. We propose
that the secondary then migrates slowly through a sequence
of quasi-steady-state configurations of the disk with a fixed
Ṁ(r, t) = const. Then, Eq. (8) becomes

∂rTν − ∂rTd = Ṁ∂r(r
2Ω) . (11)

This is a first-order ordinary differential equation for Tν(r),
once ∂rTd(r) is specified for a specific disk model.

2.2 Boundary conditions

We distinguish two types of inner boundary conditions cor-
responding to whether or not a gap is opened.

I. If Σ(r) )= 0 all the way to the innermost stable circular
orbit rISCO of M• (i.e. the disk does not have a cavity), we re-
quire a zero-torque boundary condition (Novikov & Thorne
1973; Penna et al. 2010; Zhu et al. 2012),

Tν(rISCO) = 0 . (12)

6 As stated above, we neglect the accretion onto the secondary
for simplicity (however, see Lubow et al. 1999).
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• Conservation of mass and angular momentum:

• Total torque T = sum of viscous and tidal torques:

• Orbit- averaged tidal torque:



Steady-state solutions with “overflow’

• Outer disk:  increased density, temperature, luminosity 
• Inner disk:  unmodified (Shakura-Sunyaev) profile
• Evolution: sequence of steady states (?)

NB:  “Type 1.5” migration is slower than both Type II and I
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1D
       - Use azimuthally averaged tidal torques
        - Do not assume steady state or self-similarity.      
        - Still misses important nonaxisymmetric physics
        - (surprisingly rare in literature)

                                           - examples -

      - Chen et al. (2010)
              tidal “squeezing”  (2D kills this!)
      - Lodato et al. (2009)
             evolution with finite mass supply  (final pc problem remains)
      - Tanaka & Menou (2010), Fontecilla et al. (2019) 
            cavity-filling, post-merger evolution

Modeling orbital evolution: techniques



2D
       - Resolves nonaxisymmetric physics (high-res. achievable)
        - Can follow binary evolution from large radius
       -  Misses vertical structure / 3d overflow, must prescribe viscosity
       -  BHs usually excised until recently, simplified thermodynamics

                                           - early examples -

      - MacFadyen & Milosavljevic (2008);  D’Orazio et al. (2013)
        Farris et al (2013)
              eccentricity growth, accretion rate into cavity
      - Armitage & Natarajan (2002, 2005)
              orbital decay, eccentricity growth
      - Artymowicz & Lubow (1994, 1995)
              cavity opening, mass-flow across gaps

  

Modeling orbital evolution: techniques



3D
       - The “ultimate”, but limited # of orbits – hard to follow evolution
        - Needed for realistic predictions of the last stages (GR)
        - 105-6 orbits expected (orbital decay is slow) where M2~Mdisk

        - cf:  typically  ~104 orbits (2D pure hydro)
                               ~102 orbits (3D PN GRMHD) 
                               ~101 orbits (full 3D GRMHD) 
                                             - some early examples -
      - Hayasaki et al. (2007), Escala et al. (2005), Cuadra et al. (2009),
        Artymowicz & Lubow (1994, 1995), del Valle & Escala (2013, 2014), 
        Roedig et al. (2012),  Shi et al. (2012), …
              Newtonian – understanding torques, migration, eccentricity, MRI
      - Bode et al. (2011), Giacomazzo et al. (2012), Noble et al. (2012)
         Farris et al. (2012), Gold et al. (2013) …  GR – late stages

Modeling orbital evolution: techniques



2D Hydrodynamical Simulations
D’Orazio+2013, 2016,  Farris+2014, 2015ab,  Tang+2017, 2018, 
 Derdzinski+2019,2021, Duffell+2019,  Tiede+2020, Zrake+2020

• moving-mesh grid hydro codes DISCO, MARA
• Solves Navier-Stokes equations of fluid dynamics
• 2D, Pseudo-Newtonian hydrodynamics  
• viscosity proportional to pressure (α=0.05-0.3)
• Cooling (thermal) + heating (viscosity, shocks)
• BHs are on the grid, accrete via sink prescription
• Initial condition: steady single-BH disk 0 ≤ r ≤ 100abin

è  run for ~10,000 binary orbits (>viscous time, steady-state)
      è  study gas morphology, BH fueling rate, torques on binary

key parameters: binary mass ratio q=M2/M1, eccentricity e,  
                             disk temperature ⟺   aspect ratio h/r

similar results with Arepo Munoz+2019 and Athena Moody+2019



Moving mesh code DISCO 
Duffell (2016) – code is public

 Duffell & MacFadyen (2012, 2013)

• Solves 2D (magneto-) 
hydrodynamics equations 

• Conservative, shock-
capturing, finite volume 
method  

• Effectively Lagrangian, cells 
move with the fluid

• Small advection errors 
permit longer time-steps

• α-viscosity assumed



Hydrodynamics of Binary + Disk system
Three regimes based on mass ratio q=M1/M2

q < 10-4 10-4 < q < 10-2 q > 10-2

Stellar + SMBH Stellar + MBH
(I)MBH + SMBH

SMBH + SMBH

Type I Type II Type ???



Binary-Disk Interaction (1) 

Duffell et al. (2012)

through viscous-tidal ‘planetary’ torques
            (Goldreich & Tremaine 1980; Ward 1997)

• spiral waves launched at resonances,  distortions linear
• secondary migrates relative to disk (“Type I”)
• torque in isothermal disk :
• thermodynamics can modify (even reverse) the migration 

The Astrophysical Journal, 755:7 (10pp), 2012 August 10 Duffell & MacFadyen

Figure 1. Perturbation to surface density caused by a low-mass planet,
Mp = 0.0209MTh. The planetary wake traces out a spiral shape. This calculation
used 4096 radial zones.
(A color version of this figure is available in the online journal.)

eventually, some distance from the planet. Assuming negligible
disk viscosity and that the wave shocks before reaching the edge
of the disk, any massive perturber at a fixed radius is capable of
eventually forming a gap, though for small enough perturbers
the timescale is prohibitively long and Type I migration would
occur too rapidly for gap opening. Hence, for low-mass planets,
the formation of a gap depends on a competition between the
timescale for gap opening and other relevant timescales, such
as the viscous timescale or migration timescale.

In order to examine the details of gap opening by a weak
shock, Goodman & Rafikov (2001) determined the wave form
produced by a planet in the linear regime, then described its
evolution into a shock assuming weak nonlinearity. This semi-
analytic result was calculated in the shearing box approximation,
and then later took into account the cylindrical geometry of
the system (Rafikov 2002a). For the latter case, some stronger
predictions were made; in the global analysis, it was possible
to take into account large-scale variations in density and sound
speed in the disk, and to determine the conditions under which
the density wave would leave the disk without shocking.

Recently, various groups have undertaken numerical investi-
gations to confirm these results. Muto et al. (2010) reported a
dip in density (“partial gap”) around planets of mass ∼.2MTh us-
ing the shearing box approximation. Yu et al. (2010) performed
global simulations including planet migration and nonzero disk
viscosity, demonstrating that ∼10 M⊕ planets can have their
migration halted if the disk viscosity is low enough. However,
Dong et al. (2011a) pointed out that all of these results have fo-
cused on properties (like migration rates) which are derivative of
the shock dissipation described by Goodman & Rafikov (2001),
rather than showing a converged calculation of the breaking
wave itself. They performed their own calculations at much
higher resolution, focusing on smaller planetary masses and re-
covering the semi-analytical predictions to high accuracy. Dong
et al. (2011b) also noted that capturing the waveform properly
requires much higher resolution than was attempted in previous

work. Their calculations used the shearing-box approximation;
in the present work we present a similar result for the global
case.

The global case is much more challenging numerically, for
several reasons. First, there is simply a much larger computa-
tional domain, which is not likely to be circumvented by using
higher resolution near the planetary orbit, if the wave shocks far
from the planet. Second, the relevant dynamical timescales are
sound-crossing timescales (∼ r/c), but because protoplanetary
disks orbit supersonically, the time steps are generally Courant-
limited by the orbital timescales at the innermost resolved orbit.
This can be orders of magnitude shorter, which means it may
require a prohibitively large number of time steps to reach a state
resembling quasi-equilibrium. Third, and perhaps most impor-
tantly, because the disk is supersonic the bulk of the motion
is pure advection across the grid, and underresolved advection
errors can completely wash out subtle features of the motion
(like a weakly nonlinear shock forming) taking place in the lo-
cal Keplerian frame. For these reasons, several hydrodynamic
methods have been developed specifically for handling the chal-
lenges associated with global disk problems. Examples include
FARGO (Masset 2000) and RODEO (Paardekooper & Mellema
2006a).

We perform our own calculations of protoplanetary disks
using a new method, whereby instead of using a fixed numer-
ical grid, we allow the computational cells to move and shear
past one another with the bulk Keplerian flow. The numeri-
cal method we use is a variant of the TESS code (Duffell &
MacFadyen 2011), with several important modifications specif-
ically designed for disk problems. TESS uses moving finite
volumes to solve the equations of gas dynamics in conservation
form. The motion of the cells is accomplished by performing a
Voronoi tessellation of the computational domain each time step.
However, the numerical scheme is completely specified for any
kind of tessellation, so in principle the domain can be decom-
posed into whatever cell shapes are most advantageous. In the
present work, we choose to decompose the domain into wedge-
like annular segments, as typically implemented for cylindrical
(r,φ) grids (see Figure 2). The cells remain at fixed radii and
rotate with the local angular velocity of the fluid. As a result,
the global calculations are effectively computed on a locally
comoving numerical mesh.

After reviewing relevant theoretical predictions from the
literature in Section 2, and describing pertinent details of our
numerical techniques in Section 3, we present the results of
our calculation in Section 4, including a demonstration of
convergence and a calculation of the global distribution of torque
density and angular momentum flux, before summarizing in
Section 5.

2. SEMI-ANALYTIC PREDICTIONS

Here we briefly summarize the theory regarding the genera-
tion of the spiral density wave and its subsequent nonlinear evo-
lution. For details, see Goodman & Rafikov (2001) and Rafikov
(2002a). We always work in the thin-disk approximation, where
we ignore all vertically propagating modes, and the equations
of motion reduce to Euler’s equations in two dimensions:

∂tΣ + ∂i(viΣ) = 0, (3)

∂t (Σvj ) + ∂i(Σvivj + P δij ) = Fj , (4)

∂t (E) + ∂i(vi(E + P )) = Fivi. (5)

2

45

Lindblad resonances exist when,

m(Ω− Ωp) = ±κ0 (223)

where m is an integer and κ0, the epicyclic frequency, is
defined as,

κ0 ≡
(

d2Φ0

dr2
+ 3Ω2

)

(224)

with Φ0 the stellar gravitational potential. For a Kep-
lerian potential κ0 = Ω. If we approximate the angular
velocity of gas in the disk by the Keplerian angular ve-
locity, the Lindlad resonances are located at,

rL =

(

1±
1

m

)2/3

rp (225)

where rp is the planet orbital radius. The locations of
some of the low order (small m) resonances are shown in
Figure 28. For an orbiting test particle, the resonances
are locations where the planet can be a strong perturba-
tion to the motion. For a gas disk, angular momentum
exchange between the planet and the gas disk occurs at
resonant locations. As we noted for the impulse approx-
imation, the sense of the interaction is that the planet
gains angular momentum from interacting with the
gas disk at the interior Lindblad resonances (rL < rp).
This tends to drive the planet outward. The gas loses
angular momentum, and moves inward. Conversely, the
planet loses angular momentum from interacting with
the gas disk at exterior Lindblad resonances (rL > rp).
This tends to drive the planet toward the star. The gas
gains angular momentum, and moves outward. Notice
that the gravitational interaction of a planet with a gas
disk tends — somewhat counter-intuitively — to repel
gas from the vicinity of the planet’s orbit.
The flux of angular momentum exchanged at each

Lindblad resonance can be written as,

TLR(m) ∝ ΣM2
pfc(ξ) (226)

where Σ is the gas density and Mp the planet mass. That
the torque should scale with the square of the planet mass
is intuitively reasonable — the perturbation to the disk
surface density scales as the planet mass in the linear
regime so the torque scales as M2

p . The factor fc(ξ) is
the torque cutoff function (Artymowicz, 1993), which en-
codes the fact that resonances very close to the planet
contribute little to the net torque. The torque cutoff
function peaks at,

ξ ≡ m
( cs
rΩ

)

p
$ 1 (227)

i.e. at a radial location r $ rp ± h, where h is the disk
scale height (this result immediately implies that a three-
dimensional treatment is necessary for the dominant res-
onances if the planet is completely embedded within a gas
disk, as is the case for low mass planets). The strength of

m=3

P=2Pplanet

m=1
m=2

FIG. 28 Nominal locations of the corotation (red) and Lind-
blad resonances (blue) for a planet on a circular orbit. Only
the low order Lindblad resonances are depicted — there are
many more closer to the planet.

the torque exerted at each resonance is essentially inde-
pendent of properties of the disk such as the disk viscos-
ity, though of course the viscosity still matters inasmuch
as it controls the value of the unperturbed disk surface
density Σ.
Figure 29 illustrates the differential torque exerted on

the disk by the planet, after smoothing over the Lind-
blad resonances (Ward, 1997). The flux of angular mo-
mentum is initially deposited in the disk as waves, which
propagate radially before dissipating. The details of this
dissipation matter little for the net rate of angular mo-
mentum exchange.
Angular momentum transfer at corotation requires ad-

ditional consideration, and as we will see later thinking
of these torques in terms of resonances is not as prof-
itable as for the Lindblad torques. Formally though, in
a two-dimensional disk the rate of angular momentum
deposition at corotation is proportional to (Goldreich &
Tremaine, 1979; Tanaka, Takeuchi & Ward, 2002),

TCR ∝
d

dr

(

Σ

B

)

(228)

where B is the Oort parameter,

B(r) = Ω+
r

2

dΩ

dr
. (229)

This implies that in a two-dimensional disk, the reso-
nant corotation torque vanishes identically in the mod-
erately interesting case of a disk with a surface density
profile Σ ∝ r−3/2. This result does not apply to three-
dimensional disks (Tanaka, Takeuchi & Ward, 2002).
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FIG. 29 Schematic illustration of the smoothed torque den-
sity due to angular momentum exchange between a planet
and a gas disk at the location of Lindblad resonances, after
Ward (1997). The peak torque occurs at r ≈ rp±h. The disk
gains angular momentum from the planet as a result of the in-
teraction for r > rp, and loses angular momentum for r < rp.
The interaction is almost invariably asymmetric, such that
when integrated over the entire disk the planet loses angular
momentum and migrates inward.

3. Type I migration

For low mass planets (generically Mp ∼ M⊕, though
the exact mass depends upon the disk properties) the
angular momentum flux injected into the disk as a con-
sequence of the planet-disk interaction is negligible when
compared to the viscous transport of angular momentum.
As a result, the gas surface density profile Σ(r) remains
approximately unperturbed, gas is present at the loca-
tion of each of the resonances, and the net torque on the
planet is obtained by summing up the torque exerted at
each resonance. Schematically,

Tplanet =
∑

ILR

TLR +
∑

OLR

TLR + TCR (230)

where the planet gains angular momentum from the inner
Lindblad resonances (ILR) and loses angular momentum
to the outer Lindblad resonances (OLR). There is also a
potentially important co-orbital torque TCR. Changes to
the planet’s orbit as a result of this net torque are called
Type I migration (Ward, 1997).
As noted above (equation 226) the torque exerted at

each resonance scales as the planet mass squared. If the
azimuthally averaged surface density profile of the gas
disk remains unperturbed, it follows that the total torque
will also scale as M2

p and the migration time scale,

τI ∝
Mp

Tplanet
∝ M−1

p . (231)

Type I migration is therefore most rapid for the largest
body for which the assumption that the gas disk remains
unaffected by the planet remains valid.
Actually evaluating the sum sketched out in equation

(230) is not easy, and there is no simple physical argu-
ment that I am aware of that gives even the sign of the net
torque on the planet. However invariably it is found that
the Lindblad resonances exterior to the planet are more
powerful than those interior, so that the net torque due
to Lindblad resonances leads to inward migration. Note
that one might think (for example by looking at the sur-
face density dependence of the torque in equation 226)
that the sense of migration ought to depend upon the
surface density gradient — i.e. that a steep surface den-
sity profile should strengthen the inner resonances rela-
tive to the outer ones and hence drive outward migration.
This is not true. Pressure gradients (which depend upon
the radial dependence of the surface density and tem-
perature) alter the angular velocity in the disk from its
Keplerian value (equation 119), and thereby shift the ra-
dial location of resonances from their nominal positions.
A steep surface density profile implies a large pressure
gradient, so that all the resonances move slightly inward.
This weakens the inner Lindblad resonance relative to
the outer ones, in such a way that the final dependence
on the surface density profile is surprisingly weak (Ward,
1997).
Tanaka, Takeuchi & Ward (2002) compute the net

torque on a planet in a three-dimensional but isothermal
gas disk. For a disk in which,

Σ(r) ∝ r−γ (232)

they obtain a net torque due to Lindblad resonances only
of,

T = −(2.34− 0.10γ)

(

Mp

M∗

rpΩp

cs

)2

Σpr
4
pΩ

2
p. (233)

This torque would result in migration on a time scale,

τ ≡ −
J

J̇

= (2.34− 0.1γ)−1M∗

Mp

M∗

Σpr2p

(

cs
rpΩp

)2

Ω−1
p ,(234)

where Σp, cs and Ωp are respectively the gas surface den-
sity, gas sound speed, and angular velocity at the loca-
tion of a planet orbiting at distance rp from a star of
mass M∗. As expected based on the simple considera-
tions discussed previously, the migration rate (∝ τ−1

I )
scales linearly with both the planet mass and the local
disk mass. The time scale becomes shorter for cooler,
thinner disks — provided that the interaction remains in
the Type I regime — since for such disks more resonances
close to the planet contribute to the net torque.
The most important thing to notice from this formula

is that the predicted migration time scale is very short.
If we consider a 5 M⊕ core growing at 5 AU in a disk

Armitage (2007)
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Figure 7. Normalized angular momentum flux Φ(r)/Φ(rp) for Mp = 0.0209MTh and Mp = 0.24MTh(10 M⊕). Thick dashed curves show the predicted scaling
relation (22).

factor of three larger than 3D results (D’Angelo & Lubow 2010).
As in other recent works, we observe a change in sign of torque
density at finite distances from the planet, |r − rp| = 2.8h and
3.6h, for the inner and outer disks, respectively. Both of these
radii are in agreement with the analytic value of τ− = 17 found
in the shearing box case. Actually, this particular result was
not derived for the global case, but we find that expressing r−
in terms of the τ coordinate gives a reasonable prediction for
where the torque density becomes negative for both the inner
and outer disk in the global case.

The difference between the torque in the inner and outer
disk gives the net Lindblad torque on the planet. Since we
have a converged global calculation of torque density, we can
numerically integrate it to find the net torque. We find the net
torque to be

T = −2.0T0, (36)

T0 = r4
pΩ2

pΣ0(Mp/M∗)2M2. (37)

It is worth noting that this result assumes uniform density and
pressure in the disk, and would be modified significantly in
the presence of nontrivial density and pressure profiles. Many
other torque calculations exist in the literature, some of which
include these dependencies (Paardekooper & Papaloizou 2008;
Paardekooper et al. 2010; Tanaka et al. 2002; Masset 2011).
This result is in qualitative agreement with others, though
the coefficient does not quite agree with the semi-analytic 2D
calculations by Tanaka et al. (2002) and Korycansky & Pollack
(1993), who found T = 3.18T0 and T = 3.21T0, respectively.

4.3. Angular Momentum Flux

From our global numerical calculations we can confirm the
prediction of global angular momentum flux as a function of
radius (Rafikov 2002a). In Figure 7 we show the function (19)
as computed from our data. For comparison, we show the
theoretical scaling relation (22) calculated by Rafikov (2002a).
We appear to have better agreement with the semi-analytic
theory in the outer disk than the inner disk, but the overall
picture is clear; the angular momentum flux is roughly uniform
between the planet radius and the radius at which the shock
forms, after which shock dissipation causes the perturbation
to deposit its angular momentum. It should be noted that
since Equation (22) is a scaling relation, we could get the
initial waveform completely wrong and still have the correct
(normalized) angular momentum flux, as long as the shock is

Figure 8. 10 M⊕ planet giving hints of gap formation. Color represents the
perturbation to the surface density, δΣ/Σ0. Dotted lines are the theoretically
predicted radii for shock formation, given by Equation (18). A downsampled
subsection of the computational domain is shown, 0.75rp < r < 1.25rp .
(A color version of this figure is available in the online journal.)

correctly captured. Predictions involving the angular momentum
flux are therefore robust.

4.4. Gap Formation

Because the flux of angular momentum is not uniform, we see
time-dependent disk evolution, which can lead to gap formation.
In Figure 8, we show the perturbation due to an intermediate-
mass planet, 0.24MTh = 10 M⊕, after 100 orbits. Two gaps
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FIG. 31 Illustration of the viscous condition for gap opening.
A gap can open when the time scale for opening a gap of
width ∆r due to tidal torques becomes shorter than the time
scale on which viscous diffusion can refill the gap.

calculation, and that done by considering the properties
of horseshoe orbits, is not clear. It is likely that Type I
migration is rapid, but the rate and even direction of
migration may depend upon details of the disk model.

4. Type II migration

For sufficiently large planet masses, the angular mo-
mentum flux from the planet locally dominates the vis-
cous flux. As a consequence, gas is repelled from high-
m resonances. The surface density drops near r = rp,
forming a gap — an annular region in which the surface
density is smaller than its unperturbed value.
Two conditions are necessary for gap formation. First,

the Hill sphere (or Roche radius) of the planet needs to
be comparable to the thickness of the gas disk,

rH ≡
(

Mp

3M∗

)1/3

r ! h (237)

which requires a mass ratio q ≡ Mp/M∗,

q ! 3

(

h

r

)3

p

. (238)

This condition is satisfied for typical protoplanetary disk
parameters for q ∼ 4 × 10−4 — i.e. for planet masses
somewhere between that of Saturn and Jupiter.
A second condition for gap opening arises due to the

viscous considerations depicted in Figure 31. To open a
gap, we require that the tidal torques must be able to
remove gas from the gap region faster than viscosity can
fill the gap back in (Goldreich & Tremaine, 1980; Lin &
Papaloizou, 1980; Papaloizou & Lin, 1984). There are
various ways to estimate the critical mass above which
this condition is satisfied. Following Takeuchi, Miyama
& Lin (1996), we note that the time scale for viscous
diffusion to close a gap of width ∆r is just,

tclose ∼
(∆r)2

ν
(239)

FIG. 32 Simulation of the planet-disk interaction in the
Type II regime in which the planet is sufficiently mas-
sive to open a gap in the gas disk. Note the presence of
streams of gas that penetrate the gap region. A movie
showing the interaction as a function of mass is available at
http://jilawww.colorado.edu/∼pja/planet migration.html.

where ν = αcsh is the disk viscosity. The time scale to
open a gap as a result of the tidal torque at an m-th
order Lindblad resonance is,

topen ∼
1

m2q2Ωp

(

∆r

rp

)2

. (240)

Setting topen = tclose, and taking m = rpΩp/cs (since, as
noted above, this value of m is where the torque cutoff
function peaks), we obtain,

q !

(

cs
rpΩp

)2

α1/2. (241)

For typical disk parameters (h/r = 0.05, α = 10−2),
the viscous condition for gap opening is satisfied for q
modestly larger than 10−4. Combined with the ther-
mal condition outlined above, we conclude that Jupiter
mass planets ought to be massive enough to open a gap
within the disk, whereas Saturn mass planets are close
to the critical mass required for gap opening. Figure 32
from Armitage & Rice (2005), shows results from a two-
dimensional simulation of the planet-disk interaction in
the Type II regime. Both the gap, and the presence of
a prominent spiral wave excited within the gas disk, are
obvious.
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A gap can open when the time scale for opening a gap of
width ∆r due to tidal torques becomes shorter than the time
scale on which viscous diffusion can refill the gap.

calculation, and that done by considering the properties
of horseshoe orbits, is not clear. It is likely that Type I
migration is rapid, but the rate and even direction of
migration may depend upon details of the disk model.

4. Type II migration

For sufficiently large planet masses, the angular mo-
mentum flux from the planet locally dominates the vis-
cous flux. As a consequence, gas is repelled from high-
m resonances. The surface density drops near r = rp,
forming a gap — an annular region in which the surface
density is smaller than its unperturbed value.
Two conditions are necessary for gap formation. First,

the Hill sphere (or Roche radius) of the planet needs to
be comparable to the thickness of the gas disk,

rH ≡
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This condition is satisfied for typical protoplanetary disk
parameters for q ∼ 4 × 10−4 — i.e. for planet masses
somewhere between that of Saturn and Jupiter.
A second condition for gap opening arises due to the

viscous considerations depicted in Figure 31. To open a
gap, we require that the tidal torques must be able to
remove gas from the gap region faster than viscosity can
fill the gap back in (Goldreich & Tremaine, 1980; Lin &
Papaloizou, 1980; Papaloizou & Lin, 1984). There are
various ways to estimate the critical mass above which
this condition is satisfied. Following Takeuchi, Miyama
& Lin (1996), we note that the time scale for viscous
diffusion to close a gap of width ∆r is just,
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FIG. 32 Simulation of the planet-disk interaction in the
Type II regime in which the planet is sufficiently mas-
sive to open a gap in the gas disk. Note the presence of
streams of gas that penetrate the gap region. A movie
showing the interaction as a function of mass is available at
http://jilawww.colorado.edu/∼pja/planet migration.html.

where ν = αcsh is the disk viscosity. The time scale to
open a gap as a result of the tidal torque at an m-th
order Lindblad resonance is,

topen ∼
1

m2q2Ωp

(
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Setting topen = tclose, and taking m = rpΩp/cs (since, as
noted above, this value of m is where the torque cutoff
function peaks), we obtain,

q !

(

cs
rpΩp

)2

α1/2. (241)

For typical disk parameters (h/r = 0.05, α = 10−2),
the viscous condition for gap opening is satisfied for q
modestly larger than 10−4. Combined with the ther-
mal condition outlined above, we conclude that Jupiter
mass planets ought to be massive enough to open a gap
within the disk, whereas Saturn mass planets are close
to the critical mass required for gap opening. Figure 32
from Armitage & Rice (2005), shows results from a two-
dimensional simulation of the planet-disk interaction in
the Type II regime. Both the gap, and the presence of
a prominent spiral wave excited within the gas disk, are
obvious.
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calculation, and that done by considering the properties
of horseshoe orbits, is not clear. It is likely that Type I
migration is rapid, but the rate and even direction of
migration may depend upon details of the disk model.

4. Type II migration

For sufficiently large planet masses, the angular mo-
mentum flux from the planet locally dominates the vis-
cous flux. As a consequence, gas is repelled from high-
m resonances. The surface density drops near r = rp,
forming a gap — an annular region in which the surface
density is smaller than its unperturbed value.
Two conditions are necessary for gap formation. First,

the Hill sphere (or Roche radius) of the planet needs to
be comparable to the thickness of the gas disk,

rH ≡
(
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which requires a mass ratio q ≡ Mp/M∗,
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This condition is satisfied for typical protoplanetary disk
parameters for q ∼ 4 × 10−4 — i.e. for planet masses
somewhere between that of Saturn and Jupiter.
A second condition for gap opening arises due to the

viscous considerations depicted in Figure 31. To open a
gap, we require that the tidal torques must be able to
remove gas from the gap region faster than viscosity can
fill the gap back in (Goldreich & Tremaine, 1980; Lin &
Papaloizou, 1980; Papaloizou & Lin, 1984). There are
various ways to estimate the critical mass above which
this condition is satisfied. Following Takeuchi, Miyama
& Lin (1996), we note that the time scale for viscous
diffusion to close a gap of width ∆r is just,
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FIG. 32 Simulation of the planet-disk interaction in the
Type II regime in which the planet is sufficiently mas-
sive to open a gap in the gas disk. Note the presence of
streams of gas that penetrate the gap region. A movie
showing the interaction as a function of mass is available at
http://jilawww.colorado.edu/∼pja/planet migration.html.

where ν = αcsh is the disk viscosity. The time scale to
open a gap as a result of the tidal torque at an m-th
order Lindblad resonance is,

topen ∼
1

m2q2Ωp
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Setting topen = tclose, and taking m = rpΩp/cs (since, as
noted above, this value of m is where the torque cutoff
function peaks), we obtain,
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For typical disk parameters (h/r = 0.05, α = 10−2),
the viscous condition for gap opening is satisfied for q
modestly larger than 10−4. Combined with the ther-
mal condition outlined above, we conclude that Jupiter
mass planets ought to be massive enough to open a gap
within the disk, whereas Saturn mass planets are close
to the critical mass required for gap opening. Figure 32
from Armitage & Rice (2005), shows results from a two-
dimensional simulation of the planet-disk interaction in
the Type II regime. Both the gap, and the presence of
a prominent spiral wave excited within the gas disk, are
obvious.

criterion I (thermal) criterion II (viscosity)

• disk strongly distorted, annular gap divides inner/outer disk
• migration on viscous timescale (“Type II” )   for  q > ~ 10-4 

    (Ward 1997; Armitage 2007; Crida 2011)



Mass flow across gap unimpeded

Steady-state with gap in 300 orbits Inner disk replenished 
(0, 6, 40, and 400 orbits shown) 

Duffell, ZH, MacFadyen, D’Orazio, Farris (2014) 

• Solve 2D viscous Navier-Stokes equations w/moving mesh code DISCO
• constant Σ, ν, cs disk (α=0.01)    q = M2/M1 = 10-3



Steady-state migration rate
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• up to five times the viscous drift rate
• slows down when M(disk) < m(secondary)
• gas can stream across gap in either direction



???

Paczynski (1977), Rudak & Paczynski (1981), Milosavljevic & Phinney (2005)

periodic non-intersecting adjacent orbits à cavity ?

Binary-disk interaction (3)



2nd transition at q~0.03-0.05 -- caused by orbital instability(?)  7

Figure 9. Under construction: Snapshots of log density from
hydrodynamical simulations for a disk withM = 20, and constant
coe�cient of kinematic viscosity ⌫ = 0.01a2

0
⌦bin/M2.

of Figure 10 is for 10 times higher viscosity than the fidu-
cial case. The second column is for 40 times larger viscosity
and the final column is for the same ⇥40 viscosity and a disk
which is twice as hot as the fiducial case. The rows delineate
the choice of sink radius. Note that the bottom-right panel
has nearly identical parameters as the simulation found in
(Farris et al. 2014), the di↵erence being the choice of inner
boundary condition and a constant (here) vs ↵-law viscos-
ity prescription (We could redo all simulations for alpha law
viscosity and di↵ ICs). As expected, we find that the higher
viscosity disks have smaller, more dense gaps. Decreasing
the Mach number (increasing disk temperature) increases
pressure forces in the disk which also results in a smaller,
more dense cavity. The e↵ect of a larger sink radius is to cre-
ate a less dense cavity, this is apparent in the last column
of Figure 10, where the higher Mach number and viscos-
ity have begun to fill in the cavity. Additionally, increasing
the disk temperature increases the scale-length of density
waves which results in a more spread out circumprimary-
disk which, for the hotter disk, resembles more of a spiral
than a compact mini-disk. Hence a hotter accretion flow
su↵ers more overflow into the cavity but harbors a more
dispersed circumprimary-disk.

The mini-disks in Farris et al. (2014) are less prevalent
than the mini-disks we find for our fiducial disk parame-
ters. This could be due to the hotter disks of Farris et al.
(2014) spreading out the mini-disk as mentioned above or
if it could be a result of the cavity initial conditions (ICs)
used in Farris et al. (2014). If the unstable horseshoe region
for a q = 0.05 mass ratio binary does not allow gas to flow
across the binary into an orbit around the primary, then one
might expect a smaller circumprimary-disk. To test wether
the existence of a circumprimary-disk is dependent on ICs,
we run a simulation with the same binary+disk parameters
as the bottom right panel of Figure 10, but for two di↵er-
ent ICs, an initial cavity around the binary (identical to the
density IC in D’Orazio et al. (2013)), and an initial con-
stant surface density disk. Up to an overall density scaling,
we find nearly identical results. This means that the tran-
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Figure 10. Log density for a mass ratio near the transition from
ring to cavity. The rows di↵erentiate the size of the sink radius
and the columns vary the Mach number and viscosity as labeled.
The density scale is the same in each panel.

sition to a cavity found in (Farris et al. 2014) where the
ICs are an initial cavity is not set by the inability of gas to
to flow across horseshoe orbits and generate an inner disk,
but is more directly linked to disk parameters, especially the
Mach number.

We observe that, while the properties of the mini-disks
depend on Mach number, viscosity, and sink radius, they are
independent of whether the ICs initially immerse the binary
in gas or if the gas di↵uses in from an initial cavity config-
uration. Additionally, we find that for larger viscosities the
cavity elongation mechanism is damped and the gap struc-
ture becomes more symmetric, however, the gap does not
revert completely to an annular shape. Hence, the transition
mass ratio is not shifted greatly by large viscous and pres-
sure forces. We conclude that gap morphology most strongly
depends on the binary mass ratio and thus the dynamics of
the R3B while its depth and elongation can be altered by
pressure and viscosity.

4 CONCLUSION

The R3B problem captures the salient features of gap mor-
phology and provides an explanation for the transition from
annular-gaps at small mass ratios to central-cavities for
larger mass ratio binaries. We find that the transition can
be explained from the restriction of particles in the R3B
to inner and outer parts of the disk via the conservation
of the Jacobi constant. The transition mass ratio occurs at
q ⇠ 0.04 and is coincident with the loss of stable horseshoe
orbits.

To estimate the e↵ects of pressure in the disk we com-
pare the Jacobi constant with the closely related Bernoulli
constant and derive a maximum disk temperature (mini-
mumMach number) for which a gap or cavity will form. This
zero-viscosity gap closing condition matches the prediction
of ?? in the limit of small binary mass ratio where it is de-
rived. For larger mass ratios the two predictions diverge. We
test our prediction (4) with inviscid hydrodynamical simu-
lations of an equal mass binary and find good agreement.

The e↵ects of both viscosity and pressure on the annu-
lus to cavity transition are studied via 2D viscous hydro-
dynamical simulations. These show that the results of the
R3B analysis hold for low viscosity, cold disks, and that the
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D’Orazio  et al. (2016)

qcrit=0.04 
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Figure 4. Each panel is the result of evolving an initially (spa-
tially) uniform distribution of particles via the the restricted 3-
body equations for 100 binary orbital periods. The coloring of
particles refers to the initial placement of a particle. We color
them identically to Figure 2.

Figure 5. The same as Figure 4 except honing in on the region
between q = 0.01 and q = 0.1 where the transition from annulus
to cavity occurs.

Figure 6. Same as Figure 4 except for 0.75 orbits of integration
to show the formation of streams acting to deplete green particles
for larger mass ratio binaries.

to pressure forces cause the Jacobi constant of a particle to
dip below the value required to restrict movement from in-
ner to outer disk, then the gap will overflow. This puts a
condition on the gap closing Mach number at the location
of the secondary,

Mcls ⇠<
r

5
GMbin

�Cgap

J a
(1 + q) (4)

where �Cgap is the variation of CJ across the dark-green re-
stricted regions of Figures 2 and 3. Operationally we choose
�Cgap to be the di↵erence in CJ at L2 and L4 (or L5), as
this is the largest �C spanning the dark-green restricted
regions. For q ⇠< 0.1 the gap closing condition (4) comes re-
markably close to the gap closing criteria derived in (Crida
et al. 2006) in the zero viscosity case. Figure 7 compares the
two conditions.

We do not quantitatively consider the impact of viscos-
ity on gap structure here. However, we note that the e↵ect
of viscosity is to continually decrease the Jacobi constant of
a particle as it spirals inwards to a smaller radius and larger
orbital velocity. As mentioned in the previous section, this
results in refilling of the green regions, acting in combination
with pressure forces to continually feed streams to or over-
flow a putative gap. **We could derive Bernoulli’s equation
with viscosity (and even cooling) in the momentum equa-
tion...**
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Three regimes based on mass ratio q=M2/M1



Equal-Mass Binary

Tang, MacFadyen & ZH (2018)



Key Features of Binary Accretion

- Lack of stable orbits within ~twice the binary separation
- Density suppressed by factor of ~100

Central cavity:

Streamers:  

- fueled by streamers -- net accretion rate matches that of single BH
- strong shocks, periodically appear and disappear

- circumbinary disk strongly lopsided (nonlinear instability)
- dense lump appears at cavity wall, modulating accretion

Lopsided cavity wall with lump:

Minidisks:  

- enter cavity wall via strong shocks, extend into tidal region of BHs
- fuel accretion is via gravity and shocks --- not viscosity!



Why does binary accrete at all?
shocks inside the cavity

Tang, MacFadyen, ZH (2017),  Tiede et al. (2020)



Gas flow into the Cavity - kinematics

particle
distribution
evolved
with 
restricted 
three-body
approximation



Gas flow into the Cavity - kinematics

particle
distribution
evolved
with 
restricted 
three-body
approximation



Sharp changes in behavior

- Accretion rate becomes strongly variable    
- Annular gap à central cavity
- Secondary out-accretes primary (by factor of 20 for q~0.05) 

At q=0.05 – caused by linear instability at L4/L5:

Accretion rate is never suppressed :  
- remain ~ same (or enhanced) compared to single BH
- Note: accretion is via gravity and shocks --- not viscosity!

- circumbinary disk strongly lopsided (runaway/instability)
- dense lump appears at cavity wall, modulating accretion

At q=0.3  – caused by nonlinear runaway:



Disk torques and orbital evolution
Tiede, Zrake, MacFadyen, ZH (2020)

°2

0

2

¥

Mach = 10 µ = 0.34
≤ = 0.68

°2 0 2

ª

°2

0

2

¥

Mach = 30

°2 0 2

ª

µ = 0.34
≤ = 0.67

°4 °2 0 2 4

ª

°2.0

°1.5

°1.0

°0.5

0.0

lo
g 1

0
(ß

/ß
0
)

°100

°10°1

0

10°1

100

d
T

g
/d

A
[hṀ
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• Torque dominated by minidisk/cavity wall   
• Switches to inspiral for h/r < 0.04

“realistic” disk promotes
merger in  few ⨉ 10 Myr

• Gravitational torques dominate over 
accretion (of mass and momentum)



Inspiral or outspiral? Impact of mass ratio
Duffell et al. (2020)
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Zrake et al. 2021
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GW-driven
decay

Stellar
Scattering
driven
decay

Gas disk
Driven
decay
[ sensitive to
  accretion
  disk model ]

LISA

PTAs

ZH, Kocsis, 
Menou (2009)

EM surveys

1d - 10yr

Orbital decay of binaries


